A systematic gauge-invariant method, which starts directly from QCD, is used to calculate the rate for an upsilon meson to decay inclusively into a prompt photon. An expansion is made in the quark relative velocity v, which is a small natural parameter for heavy quark systems. Inclusion of these O(v 2 ) corrections tends to increase the photon rate in the middle z range and to lower it for larger z, a feature supported by the data.
INTRODUCTION
The hadronic decays of the Υ family of bb mesons proceeds mainly via an intermediate state consisting of three gluons. By replacing one of the outgoing gluons with a photon one obtains the leading order contribution to the production of direct photons, i.e. those photons which do not result from π 0 decay, etc. The spectrum of such photons provides, in principle, an excellent test of perturbative quantum chromodynamics (QCD) because in this case one has a large number of data points against which theoretical predictions can be compared. This is in contrast to the prediction of a decay rate, which is a single number. However it is well known [1] that the photon spectrum 3 S 1 → γ + X, calculated at leading order [2] , is too hard when compared against experiment, both in J/Ψ and Υ decays. Such calculations yield an almost linearly rising spectrum in z = 2E γ /M with a sudden decrease at z = 1. A next-to-leading order calculation by Photiadis [3] sums leading logs of the type ln(1 − z) and yields some softening.
However, the peak is still too sharp and close to z = 1. An earlier calculation by
Field [4] predicts a much softer spectrum which fits the relatively recent data [5] quite well. This uses a parton-shower Monte Carlo approximation wherein the two gluons recoiling against the direct photon acquire a non-zero invariant mass by radiating further bremsstrahlung gluons. This does not, therefore, qualify it as an ab-initio perturbative QCD calculation. We note that in refs [2] [3] [4] the nonperturbative dynamics of the decaying hadron is described by a single parameter φ(0), the quark wavefunction at the origin. This leads to the assertion that the ratio of widths for decay into prompt photons and l + l − pairs is independent of quark dynamics.
In this paper we compute the rate for 3 S 1 → γ + X taking into account the bound state structure of the decaying quarkonium state. We note that the description of hadron dynamics in this decay process by just φ(0) is correct only if one assumes that Q andQ are exactly on-shell and at rest relative to each other.
This assumption is only approximately true -heavy quarkonia are weakly bound QQ composites and v 2 /c 2 is a small parameter. Improvement requires introduction of additional hadronic quantities, which we identify within the context of a systematically improvable gauge-invariant theory for quarkonium decays. This formalism has been recently applied to one and two particle decays [6, 7] . Here we apply the method of ref [6] to the more complicated three particle case and obtain the photon spectrum for the process Υ → γ + 2g. We find that inclusion of binding and relativistic effects via the two additional parameters, ǫ B /M and
, makes the computed spectrum softer for large z, (z < 0.9). For still larger z, 0.9 < z < 1, there are non-perturbative effects due to final-state gluon interactions which cannot be reliably computed and which, therefore, we
shall not address.
FORMALISM
The starting point of our approach is that the decay amplitude for
given by the sum of all distinct Feynman diagrams leading from the initial to the final state. The first step is to write a given diagram in the form of a (multiple) loop integral. Consider, for example, one of the six leading order diagrams (Fig.   1a ). Omitting colour matrices and coupling constants for brevity, its contribution can be expressed as
M(k) is the usual, but obviously non-gauge invariant zero-gluon, Bethe-Salpeter amplitude,
In equations 1-2, x µ is the relative distance between quarks, k µ is the relative momentum, P 2 = M 2 , and s i = q i − 1 2 P . We define the binding energy as
Provided all propagators are far off-shell, they may be expanded in the two small quantities ǫ B /M and k/M. This yields the expression,
We have defined
, and h µ 1 µ 2 µ 3 is the "hard part" which combines terms from all six leading diagrams 1 . One can readily see that it is the sum of terms of the type in eq.1 corresponding to different permutations of indices and momenta. There are 12 one-gluon diagrams one of which is illustrated in fig 1b, which must be added as corrections to the no-gluon amplitude. These all have the general form
where
The gluon which originates from the blob is part of the QQg Fock-state component of the meson and has its momentum k ′ bounded by R
is the meson's spatial size. Hence it is to be considered soft on the scale of quark mass. Again, one may expand the propagators in H
where,
The derivative i ↔ ∂ α acts only upon the quark operators.
The two soft-gluon contribution (figs.1c-1d) to the amplitude is handled similarly but is more complicated. The matrix elements which enter into T
are of the type < 0|ψψA ρ A λ |P, ǫ > and so on; we shall not list these explicitly here since the principle is rather clear. It is straightforward to show that in the sum T 0 + T 1 + T 2 , all ∂ ′ s combine with A ′ s to yield covariant derivatives and/or field strength tensors,
The above is a sum of terms, each of which is the product of a soft hadronic matrix element and a hard perturbative part.
To proceed, one can perform a Lorentz and CPT invariant decomposition of each of the hadronic matrix elements in Eq 10. This is somewhat complicated [8] and involves a large number of constants which characterize the hadron. Considerable simplification results from choosing the Coulomb gauge, together with the counting rules of Lepage et. al [9] . The upshot of using this analysis is that, in this particular gauge, the gluons contribute at O(v 3 ) to the reaction 3 S 1 → γ +X, and hence can be ignored. Even this leaves us with too many parameters, and forces us to search for a dynamical theory for the 1 −− quarkonium state. We shall assume, in common with many other authors, that the Bethe-Salpeter equation
with an instantaneous kernel does provide an adequate description. This has been conveniently reviewed by Keung and Muzinich [10] and we adopt their notation 2 .
The momentum space B-S amplitude χ(p) satisfies the homogeneous equation,
which, after making the instantaneous approximation K(P, p, p ′ ) = V ( p, p ′ ) and reduction to the non-relativistic limit yields,
The scalar wavefunction φ(| p|) is normalized to unity,
and,
Fourier transforming χ(p) to position space yields 0|ψ(−x/2)ψ(x/2)|P from which, by tracing with appropriate gamma matrices, the coefficients below can be extracted. So finally, to O(v 2 ), one has a rather simple result,
DECAY RATE
All the ingredients are now in place to calculate the decay Υ → γ + 2g. In squaring the amplitude obtained by substituting Eqs.13 into Eq.8, terms involving the product of ǫ B and ∇ 2 φ may be neglected. We assume the emitted gluons to be massless and transverse, and to decay with unit probability into hadrons.
Polarizations of the final-state particles are summed over, and the spin states of the initial meson are averaged over. Summing over final-state colors yields 2/3, and one must include a factor of 1/2 for identical gluons. The Lorentz invariant phase-space factor for 3 massless particles has a standard expression [13] which is best expressed in terms of the dimensionless energy fractions x i = 2E i /M which satisfy x 1 + x 2 + x 3 = 2. The variables s, t, u are symmetric functions of x i ,
Ignoring radiative radiative corrections for the moment, a tedious calculation 3 yields,
. (15) e q is the quark charge and,
The function f 0 provides the standard, leading order result:
The binding energy and wavefunction corrections, f B and f W respectively, are more complicated:
The denominator D is,
Integrating over the energies of the outgoing gluons for a fixed photon energy
where z = 2E γ /M and,
In the above, ξ = 1 − z. The integrated decay width is 4 ,
Where we have included the radiative corrections of O(α s ) which are of the same order in v 2 /c 2 as the other corrections, and were calculated [11] many years ago,
where β 0 = 11 − 2n f /3. The parameters η W and η B are independent of each other in the present treatment. We note, however, that if we impose the condi-
η B then the result Eq. 3.5 of Keung and Muzinich [10] is precisely recovered. This latter condition is equivalent to
ǫ B φ(0), which is the Schrödinger equation for quark relative motion in a potential which vanishes at zero relative separation. It is also worthy of note that the same condition emerges as a renormalization condition in the treatment of positronium by Labelle et al [15] (see their equations 11 and 12). However in our treatment there is no principle which apriori constrains η B to bear a fixed relation to η W and therefore both will be considered adjustable parameters.
The application of Eq.22 must be done with caution because extraction of the direct photon decay rate from the data requires an extrapolation down 
This gives a range of values for η W . We have plotted the graphs in fig.2 at η W = −0.0059. The binding, F B (z), and wave-function, F W (z), correction terms tend to cancel each other over part of the z region. The effect of final-state interaction corrections can be reasonably well estimated [3] provided one stays away from the end-point z = 1. In fig.2 we compare the data, taken from Ref [5] , with the prediction of our model appropriately folded with the experimental photon energy resolution (assumed to be Gaussian). The effect of the binding and wavefunction corrections calculated in this work is sizeable, and tends to to increase the photon rate in the middle z range and to lower it for larger z. While this appears to be in the right direction, it would be highly desirable to have more precise data.
SUMMARY
The approach taken in this paper for calculating the amplitude for Υ → γ + X is to take the sum of all distinct Feynman diagrams leading from the initial quarkonium state to the final state. Each diagram is put into the form of a (multiple) loop integral with a kernel which is a product of a hard part and a soft part. The hard part is treated with perturbative QCD, and the soft part is analyzed into its different components with the use of Lorentz, C, and P symmetries. Figure Captions 
